In this paper, we study the blow-up singularity of a semilinear parabolic equation with nonlinear memory both in the reaction term and the boundary condition. We firstly establish the local solvability for a large class of semilinear parabolic equations with various nonlocal reaction terms. Secondly, we give a complete classification for the existence of a blow-up solution and a global solution. Next, we show that under some hypotheses the blow-up can only occur on the boundary of the domain. MSC: 35K05; 35B44
Introduction
In this paper, we devote our attention to the singularity analysis for the semilinear equation with nonlinear memory both in the reaction term and the boundary, Despite the volume of work done on models incorporating memory in reaction, diffusion, or both, there appear to be very few appearances in the literature of diffusion models in which such terms are present in the boundary flux.
Recently, Deng et al. did some good work on the models with flux at the boundary governed by a nonlinear memory law in [, ] . Particularly, the authors studied the following model that has been formulated for capillary growth in solid tumors as initiated by angiogenic growth factors in []:
Their primary result is that if  ≤ p + q ≤ , then every solution of (.) is global. On the other hand, if p + q > , then all nonnegative, nontrivial solutions blow up in finite time. Besides this, the authors proved that if p > , q =  or p ≥ , q > , blow-up can occur only on the boundary. For more related works with nonlinear memory, we refer the reader to [, , -] and the references therein.
Motivated by above works, we investigate the blow-up properties of problem (.) in this paper. According to the aforementioned works, one may expect that the blow-up result of (.) is a combination of (.) and (.) to some extent. In fact, we shall prove that if p  + q  ≤  and p  + q  ≤ , solution exists globally for any nonnegative u  . We also find that if p  + q  >  or p  + q  > , a blow-up singularity occurs and all nonnegative nontrivial solutions blow up in finite time. We notice that the main idea as regards the time-integral nonlocal problems is that only when the time is large, the time-integral term dominates the evolution of the solutions. Therefore, for problem (.), a solution still maybe exists globally even when p + q > . For our problem (.), however, if p  + q  >  or p  + q  > , there is no global solution. Thus, one can see that the nonlinear memory boundary plays an important role in accelerating the occurrence of a blow-up singularity.
The remaining part of this paper is organized as follows. In Section , we prove the local solvability of a wide class of integro-differential equations of the parabolic type involving nonlinear memory terms, which include (.). In Section , we give the comparison principle which will be used later for nonnegative solutions to (.). In Section , we establish the global existence and finite time blow-up result. In the last section, we shall investigate http://www.journalofinequalitiesandapplications.com/content/2014/1/472 the blow-up set. We will prove that the blow-up may only occur on the boundary of the domain in some cases.
Local solvability
In this section we derive the local solvability for a large class of semilinear parabolic equations with various nonlocal reaction terms and memory boundaries, which include (.). Furthermore, we give the local existence theorem for (.), where the nonlinearity is merely locally Hölder continuous. 
For every u  ∈ C( ), then there exists a T >  such that the problem has a unique classical 
and H, h satisfy
Therefore, if T >  is small enough, then we see that is a strict contraction. Thus, has a unique fixed point by Banach's fixed point theorem. This implies that, for any
Concerning the regularity, we can see that the corresponding solution u is automatically in C , ( × (, T)) from the standard bootstrap argument. On the other hand, the conti-
Of course, when min{p  , q  , p  , q  } <  in problem (.), the above local well-posedness does not apply to (.). However, for problem (.), we still have the following local existence theorem.
Theorem . For every nonnegative nontrivial u
Proof We may only give the proof for the case that
and, similarly,
Note that f i (n), g i (n) (i = , ) are monotone decreasing with respect to n and
For any fixed n, f i (n), g i (n) (i = , ) are non-decreasing, locally Lipschitz functions of z. Let (u n ) be a sequence of solutions such that
Then we have a unique classical approximated solution u n by Theorem .. Since f in (), g in () ≥ , by the maximum principle we know that u n ≥ , and by the comparison theorem (see Lemma .) we see that u n is monotone decreasing. Hence, there exists a bounded nonnegative function u = lim n→∞ u n , which corresponds to the continuous solution of (.). On the other hand, we get the additional regularity of u from the standard argument. When u  is nontrivial, the uniqueness follows from the strong maximum principle.
Comparison principle
In order to use the super-sub-solution technique, we next introduce the definition of the super-and the sub-solution and the comparison principle for problem (.).
Similarly, we can obtain the definition of sub-solution of problem (.) by all inequalities revised.
Lemma . Suppose that w(x, t)
where a i (x, t) (i = , , . . . , ) are bounded functions and a i ≥  (i = , , , ). Then w ≥ .
Proof Let ξ (x) be a positive smooth function and satisfies ∂ξ ∂ν ≥ αξ , α >  is a constant to be determined later. Let W (x, t) = e -λt ξ (x)w(x, t), where λ >  is a constant to be determined.
(.) http://www.journalofinequalitiesandapplications.com/content/2014/1/472
Suppose that W (x, t) attains negative minimum at (
On the other hand, we know from the first inequality of (.) that
This is a contradiction.
The same for w(x, t).

Lemma . Suppose that p i ≥ , q i ≥  (i = , ). If u and u are the nonnegative supersolution and sub-solution of (.), respectively, then u ≥ u in × [, T).
Proof Let w = u -u. It is easy to verify that w satisfies (.), where a i (i = , , . . . , ) are such that
From Lemma ., we know u ≥ u.
Remark . From the above proof, we know when p i <  or q i <  (i = , ) and there exists some δ >  such that u ≥ δ > , u ≥ , the functions a i (i = , , . . . , ) are still bounded. Therefore the conclusion of the lemma is valid in this case.
Using Lemma ., we could obtain another version of the comparison theorem, which is useful in the proof of the local existence of the solution.
Lemma . Let f i , g i (i = , ) be non-decreasing locally Lipschitz functions. Suppose that
u, v ∈ C , ( × (, T)) ∩ C( × [, T]) such that ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ u t -u -g  (u) t  f  (u)(s) ds ≥ v t -v -g  (v) t  f  (v)(s) ds ≥ , x ∈ , t > , ∂u ∂ν -g  (u) t  f  (u)(s) ds ≥ ∂v ∂ν -g  (v) t  f  (v)(s) ds ≥ , x ∈ ∂ , t > , u(x, ) = u  (x) ≥ v(x, ) = v  (x) ≥ , x ∈ .
Then u(x, t) ≥ v(x, t) ≥  in × [, T). http://www.journalofinequalitiesandapplications.com/content/2014/1/472
Proof The proof is similar to that of Theorem . in [] by using Lemma .. We only give a sketch of the proof.
We only need to prove u(x, t) ≥ v(x, t) in ×[, T). Set w(x, t) = u(x, t)-v(x, t). Let a i (x, t) (i = , , . . . , ) be continuous functions defined by
a  (x, t) = t  f  (u) ds × ⎧ ⎨ ⎩ g  (u)-g  (v) u-v , u = v, g  (u), u = v, a  (x, t) = g  (v), a  (x, t) = ⎧ ⎨ ⎩ f  (u)-f  (v) u-v , u = v, f  (u), u = v, a  (x, t) = t  f  (u) ds × ⎧ ⎨ ⎩ g  (u)-g  (v) u-v , u = v, g  (u), u = v, a  (x, t) = g  (v), a  (x, t) = ⎧ ⎨ ⎩ f  (u)-f  (v) u-v , u = v, f  (u), u = v.
Then w(x, t) satisfies the condition of the lemma. Thus, w(x, t) ≥  in × [, T).
Global existence and finite time blow-up
In this section, we shall determine when the solution of problem (.) exists globally or blows up in finite time. We first establish the global existence result. Proof We shall construct a super-solution of (.). From [], we know that there exists a function ϕ(x) ∈ C  ( ) satisfying
Denote m  = max |∇ϕ| and m  = max | ϕ|. Define
Direct calculations show that
We notice that
Therefore, u is a super-solution of problem (.). From the comparison principle, we know the solution of (.) exists globally.
In the remainder of this section, we shall establish the finite time blow-up result of problem (.). We have the following theorem. To prove this theorem, we need to consider first the following problem: Proof From now on, we use c i (i = , , . . .) to denote various positive constants. Let G N (x, y, t, τ ) be the Green's function for the heat equation with homogeneous Neumann boundary condition. Then we have the following representation formulas for the solution of (.):
As is well known, the Green's function G N satisfies (see, e.g.,
By (.), (.), and Jensen's inequality, we have
Then it follows from (.) that
Integrating this inequality from  to t, we obtain
Assume to the contrary that (.) has a global solution u. Then, for any T > , we have
Thus, F(t) ≥ H(t) for any T < t ≤ T, where
Multiplying the first equality in (.) by H (t) and integrating over (T, t), we obtain
Integrating this equality again from T to T, one can get
that is,
This leads to a contradiction when T is large enough. Therefore, problem (.) has no global solution.
Remark . We can also easily reach our conclusion by using the comparison principle.
In fact, the solution of the corresponding Dirichlet problem,
is the sub-solution of (.). We know from Theorem . of [] and Theorem . of [] that if λ >  the solution of this first initial boundary value problem blows up in finite time for any nonnegative nontrivial initial data. However, applying the representation formula of the Neumann problem (.), we gave a completely different approach here.
Now we are ready to prove Theorem ..
Proof of Theorem . When p  + q  > , we first consider the following problem,
If q  < , we know φ(x, t) >  (x ∈ , t > ) by the maximum principle. Let
where 
is the sub-solution of problem (.). The fact that p  + q  >  shows that q  > , which leads to the finite time blow-up of this ODE. So does the solution of (.).
If q  ≥  and p  = , for any μ >  there exists a constant c μ >  such that the solution to (.) satisfies
Here we used the fact that the solution of the heat equation with homogeneous Neumann boundary condition is a sub-solution of problem (.). Let q  = α + γ , where γ <  and γ + p  > , then we have
Next we consider the following problem:
(.)
Proceeding analogously to the proof of Lemma . and the case q  < , we can show that u blows up in finite time. Since u is a super-solution of (.), φ cannot exist globally. The solution to problem (.) is a super-solution of (.). Therefore, when p  + q  > , all solutions of (.) blow up in finite time. When p  + q  > , we know from [] that solutions of
blow up in finite time. The comparison principle tells that all solutions of (.) blow up in finite time.
Blow-up set
Examples in [] indicate that the blow-up may occur in the interior of the domain for some semilinear parabolic equation if the heat supply through the boundary is fast enough. However, we shall prove in this section that the blow-up of problem (.) will occur only at the boundary of the domain in some cases. This implies that the diffusion term is the dominating term in the interior of the domain for these cases. To this end, we need a http://www.journalofinequalitiesandapplications.com/content/2014/1/472 lemma as follows. We will prove this lemma by the idea introduced in [] . However, we need some careful modification due to the appearance of the nonlinear memory reaction term. As p  > p  + q  , Lemma . implies that the blow-up occurs only at the boundary. In the remaining two cases, we set
Lemma . Suppose that the function u(x, t) is continuous on the domain
